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I. Êîììóòèðóþùèå äèôôåðåíöèàëüíûå è ðàçíîñòíûå îïåðàòîðû ðàíãà 1.

II. Ïàðàìåòðû Òþðèíà. Êîììóòèðóþùèå îïåðàòîðû ðàíãà l > 1.



"Ïîõîæèå"îïåðàòîðû

L4 = (∂2x + α3x
3 + α2x

2 + α1x+ α0)
2 + g(g + 1)α3x,

L̃4 = (T + (α3n
3 + α2n

2 + α1n+ α0)T
−1)2 + g(g + 1)α3n,



"Äèñêðåòèçàöèÿ"îïåðàòîðà Ëàìå

L2 = −∂2x + g(g + 1)℘(x+ ω), Λ = {2ωZ+ 2ω′Z}

L̃2 =

(
T −

√
F1(γn) +

√
F1(γn+1)

γn − γn+1

)2

− c2 − γn − γn+1, g = 1

ãäå
F1(z) = z3 + c2z

2 + c1z + c0.

L̃2 =
T 2
ε

ε2
+
(
− 2ζ(ε)− ζ(x− ε) + ζ(x+ ε)

)Tε
ε

+ ℘(ε), g = 1.

L̃2 =
T 2
ε

ε2
− 3

2

(
ζ(ε) + ζ(3ε) + ζ(x− 2ε)− ζ(x+ 2ε)

)Tε
ε

+ ℘(ε), g = 2.



Ìîæíî ëè "ðàñøèðèòü"êîììóòèðóþùèå äèôôåðåíöèàëüíûå îïåðàòîðû

Ln = ∂nx +un−1(x)∂
n−1
x + . . .+u0(x), Lm = ∂mx +vm−1(x)∂

m−1
x + . . .+v0(x)

äî êîììóòèðóþùèõ ðàçíîñòíûõ îïåðàòîðîâ

L̃n =
Tn
ε

εn
+ ũn−1(x, ε)

Tn−1
ε

εn−1
+ . . .+ ũ0(x, ε),

L̃m =
Tm
ε

εm
+ ṽm−1(x, ε)

Tm−1
ε

εm−1
+ . . .+ ṽ0(x, ε),

Tεf(x) = f(x+ ε) ñ ñîõðàíåíèåì ñïåêòðàëüíîé êðèâîé, ñî ñâîéñòâîì
Aq = A(ε) è

L̃n = Ln +O(ε), L̃m = Lm +O(ε)?



Â ñëó÷àå îïåðàòîðîâ ðàíãà 1 òàêîå ðàñøèðåíèå âîçìîæíî.

Ñïåêòðàëüíûå äàííûå Êðè÷åâåðà:

S̃ = {Γ, q, k−1, γ1 + . . .+ γg}, f(P ) → Lf

Ñïåêòðàëüíûå äàííûå äëÿ ðàçíîñòíûõ îïåðàòîðîâ:

S = {Γ, q, k−1, γ1 + . . .+ γg, p(x, ε)}, p(x, ε) ∈ Γ

Åñëè p(x, ε) → q ïðè ε→ 0, òî

L̃f = Lf +O(ε).



Ln = ∂nx +un−1(x)∂
n−1
x + . . .+u0(x), Lm = ∂mx +vm−1(x)∂

m−1
x + . . .+v0(x)

Ëåììà (Burchnall, Chaundy)
Åñëè LnLm = LmLn, òî ñóùåñòâóåò ïîëèíîì Q(z, w) ̸≡ 0 òàêîé, ÷òî
Q(Ln, Lm) = 0.

Ïðèìåð 1:

L2 = ∂2x − 2

x2
, L3 = ∂3x − 3

x2
∂x +

3

x3
,

L3
2 = L2

3, Q(z, w) = z3 − w2.



Ñïåêòðàëüíàÿ êðèâàÿ

Γ = {(z, w) ∈ C2 : Q(z, w) = 0}.

Åñëè Lnψ = zψ, Lmψ = wψ, òî (z, w) ∈ Γ.

Ðàíã

l = dim{ψ : Lnψ = zψ, Lmψ = wψ}.

Ïðèìåð 2

L4 = (∂2x + x3 + α2x
2 + α1x+ α0)

2 + g(g + 1)x, L4g+2

Γ : w2 = z2g+1 + c2gz
2g + . . .+ c0.



Ôóíêöèÿ Áåéêåðà�Àõèåçåðà

Ñïåêòðàëüíûå äàííûå
{Γ, q, k−1, γ1, . . . γg}

Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ ψ(x, P ), P ∈ Γ ñâîéñòâàìè

1. ψ = ekx(1 + ξ(x)
k + . . .)

2. Íà Γ\{q} ψ èìååò ïðîñòûå ïîëþñû â òî÷êàõ γ1, . . . γg.

f(P ), g(P ) � ìåðîìîðôíûå ôóíêöèè íà Γ ñ ïîëþñàìè ïîðÿäêîâ n è m
â q. Òîãäà

Lnψ = f(P )ψ Lmψ = g(P )ψ,

LnLm = LmLn.



Ïðèìåð 3

Γ = C/{2wZ+ 2w′Z}, q = 0,

ψ = e−xζ(z) σ(z + x)

σ(x)σ(z)
,

(∂2x − 2℘(x))ψ(x, z) = ℘(z)ψ(x, z),

(∂3x − 3℘(x)∂x − 3

2
℘′(x))ψ(x, z) =

1

2
℘′(z)ψ(x, z).



Êîììóòèðóþùèå äèñêðåòíûå îïåðàòîðû

Lk =

N+∑
j=−N−

uj(n)T
j , Lm =

M+∑
j=−M−

vj(n)T
j ,

T f(n) = f(n+ 1), f : Z → C.



Êîììóòàòèâíîå êîëüöî äèñêðåòíûõ îïåðàòîðîâ èçîìîðôíî êîëüöó
ìåðîìîðôíûõ ôóíêöèé íà ñïåêòðàëüíîé êðèâîé ñ m ïîëþñàìè. Òàêèå
îïåðàòîðû íàçûâàþòñÿ m�òî÷å÷íûìè îïåðàòîðàìè.



Ñïåêòðàëüíûå äàííûå äëÿ äâóõòî÷å÷íûõ îïåðàòîðîâ ðàíãà 1 áûëè íàéäåíû
È. Ì. Êðè÷åâåðîì è Ä. Ìàìôîðäîì. Ñîáñòâåííûå ôóíêöèè äâóõòî÷å÷íûõ
îïåðàòîðîâ ðàíãà 1 (ôóíêöèè Áåéêåðà�Àõèåçåðà) ìîãóò áûòü íàéäåíû ÿâíî
÷åðåç òýòà�ôóíêöèþ ñïåêòðàëüíûõ êðèâûõ. Ñïåêòðàëüíûå äàííûå äëÿ
îäíîòî÷å÷íûõ îïåðàòîðîâ ðàíãà l > 1 áûëè ïîëó÷åíû È. Ì. Êðè÷åâåðîì è
Ñ. Ï Íîâèêîâûì.



Îäíîòî÷å÷íûå îïåðàòîðû ðàíãà îäèí
Âîçüìåì ñëåäóþùèå ñïåêòðàëüíûå äàííûå

S = {Γ, γ1, . . . , γg, q, k−1, pn},

ãäå Γ � ðèìàíîâà ïîâåðõíîñòü ðîäà g, γ = γ1 + · · ·+ γg � íåñïåöèàëüíûé
äèâèçîð íà Γ, q ∈ Γ � ôèêñèðîâàííàÿ òî÷êà, k−1 � ëîêàëüíûé ïàðàìåòð
îêîëî q, pn ∈ Γ, n ∈ Z � íàáîð òî÷åê â îáùåì ïîëîæåíèè.



Òåîðåìà 1
Ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ (ôóíêöèÿ Áåéêåðà�Àõèåçåðà)
ψn(P ), n ∈ Z, P ∈ Γ,êîòîðûé èìååò ñëåäóþùèå ñâîéñòâà.
1. ψ0(P ) = 1.
2. Äèâèçîð íóëåé è ïîëþñîâ ψ èìååò âèä

γ1(n) + . . .+ γg(n) + P1 + . . .+ Pn − γ1 − . . .− γg − nq, n ≥ 0,

γ1(n) + . . .+ γg(n)− P−1 − . . .− Pn − γ1 − . . .− γg − nq, n < 0.

3. Â îêðåñòíîñòè q ôóíêöèÿ ψ èìååò âèä

ψ = kn +O(kn−1).

Äëÿ ìåðîìîðôíîé ôóíêöèè g(P ) íà Γ ñ åäèíñòâåííûì ïîëþñîì ïîðÿäêà m
â q ñ ðàçëîæåíèåì g(P ) = km +O(km−1) ñóùåñòâóåò åäèíñòâåííûé
ðàçíîñòíûé îïåðàòîð L̃m òàêîé, ÷òî L̃mψ = zψ.



Ðàññìîòðèì ãèïåðýëëèïòè÷åñêóþ ñïåêòðàëüíóþ êðèâóþ Γ, çàäàííóþ
óðàâíåíèåì

w2 = Fg(z) = z2g+1 + c2gz
2g + . . .+ c0,

q = ∞. Ïóñòü ψn(P ) � ñîîòâåòñòâóþùàÿ ôóíêöèÿ Áåéêåðà�Àõèåçåðà.
Òîãäà ñóùåñòâóþò êîììóòèðóþùèå îïåðàòîðû L̃2, L̃2g+1 òàêîé, ÷òî

L̃2ψ =
(
(T + Un)

2 +Wn

)
ψ = zψ, L̃2g+1ψ = wψ.



Òåîðåìà 2
Èìååò ìåñòî ðàâåíñòâî

L̃2 − z = (T + Un + Un+1 + χ(n, P ))(T − χ(n, P )),

ãäå

χ =
ψ(n+ 1, P )

ψ(n, P )
=
Sn

Qn
+

w

Qn
,

Sn(z) = −Unz
g + δg−1(n)z

g−1 + . . .+ δ0(n), Qn = − Sn−1 + Sn

Un−1 + Un
.

Ôóíêöèè Un,Wn, Sn óäîâëåòâîðÿþò óðàâíåíèþ

Fg(z) = S2
n + (z − U2

n −Wn)QnQn+1.



Òåîðåìà 3
Â ñëó÷àå ýëëèïòè÷åñêîé ñïåêòðàëüíîé êðèâîé Γ, çàäàííîé óðàâíåíèåì

w2 = F1(z) = z3 + c2z
2 + c1z + c0,

îïåðàòîð L̃2 âèäà
L̃2 = (T + Un)

2 +Wn,

ãäå

Un = −
√
F1(γn) +

√
F1(γn+1)

γn − γn+1
, Wn = −c2 − γn − γn+1,

γn � ïðîèçâîëüíûé ôóíêöèîíàëüíûé ïàðàìåòð, êîììóòèðóåò ñ íåêîòîðûì
îïåðàòîðîì

L̃3 = L̃2(T + Un)− γn+2T − (
√
F1(γn) + Unγn).



Òåîðåìà 4
Îïåðàòîð

L
♯

2 = (T + r1 cos(n))
2 +

r21 sin(g) sin(g + 1)

2 cos2(g + 1
2 )

cos(2n),

r1 ̸= 0 êîììóòèðóåò ñ îïåðàòîðîì L
♯

2g+1.

Òåîðåìà 5
Îïåðàòîð

L
✓

2 = (T + α2n
2 + α0)

2 − g(g + 1)α2
2n

2, α2 ̸= 0

êîììóòèðóåò ñ îïåðàòîðîì L
✓

2g+1.



Âîçüìåì ñëåäóþùèå ñïåêòðàëüíûå äàííûå

S = {Γ, q, k−1, γ, p(x, ε)},

ãäå Γ � ðèìàíîâà ïîâåðõíîñòü ðîäà g, γ = γ1 + · · ·+ γg � íåñïåöèàëüíûé
äèâèçîð íà Γ, q ∈ Γ � ôèêñèðîâàííàÿ òî÷êà, p(x, ε) ∈ Γ � ãëàäêîå
ñåìåéñòâî òî÷åê òàêîå, ÷òî p(x, 0) = q. Ïðåäïîëîæèì, ÷òî êîîðäèíàòà
òî÷êè p(x, ε) èìååò âèä

k−1(p) =
ε

p1(x)
+ ε2p2(x) + . . .



Òåîðåìà 6
Ñóùåñòâóåò åäèíñòâåííàÿ ìåðîìîðôíàÿ ôóíêöèÿ χ(x, ε, P ), P ∈ Γ, êîòîðàÿ
îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè.

1. Äèâèçîð íóëåé è ïîëþñîâ χ èìååò âèä

(χ) = γ(x+ ε, ε) + p(x+ ε, ε)− γ(x, ε)− q,

γ(x, ε) = γ1(x, ε) + . . .+ γg(x, ε), ïðè÷åì γ(0, ε) = γ.

2. Â îêðåñòíîñòè q ôóíêöèÿ χ èìååò ðàçëîæåíèå

χ =
k

p1(x)
+O(1).

3. χ = 1
ε +O(1).



Ïóñòü f(P ) � ìåðîìîðôíàÿ ôóíêöèÿ íà Γ ñ åäèíñòâåííûì ïîëþñîì
ïîðÿäêà m â q. Òîãäà ñóùåñòâóåò åäèíñòâåííûé ðàçíîñòíûé îïåðàòîð

L(f) = um(x, ε)
Tm
ε

εm
+ um−1(x, ε)

Tm−1
ε

εm−1
+ . . .+ u0(x, ε),

um(x, ε) = p1(x)p1(x+ ε) . . . p1(x+ (m− 1)ε) òàêîé, ÷òî

L(f)− f(P ) = L̃(f)
(
p1(x)

Tε
ε

− χ(x, ε, P )
)
,

ãäå L̃(f) � íåêîòîðûé ðàçíîñòíûé îïåðàòîð ïîðÿäêà m− 1, êîýôôèöèåíòû
êîòîðîãî � ôóíêöèè îò x è P . Äëÿ äðóãîé ìåðîìîðôíîé ôóíêöèè g(P ) ñ
åäèíñòâåííûì ïîëþñîì â q îïåðàòîðû L(f) è L(g) êîììóòèðóþò. Ïðè÷åì

L(f) = ũm(x)∂mx + ũm−1(x)∂
m−1
x + · · ·+ ũ0(x) +O(ε).



Ïðèìåð 4
Ïóñòü Γ = C/Λ � ýëëèïòè÷åñêàÿ êðèâàÿ, Λ = {2nω + 2mω′, n,m ∈ Z}.

χ(x, z) = ζ(z)− ζ(z − γ(x, ε))− ζ(γ(x+ ε, ε)) + ζ(p(x, ε)),

ãäå ζ(z) � ôóíêöèÿ Âåéåðøòðàññà, p(x, ε) = γ(x+ ε, ε)− γ(x, ε). Òîãäà

L2ψ =
((Tε
ε2

+ U(x, ε)
)2

+W (x, ε)
)
ψ = ℘(z)ψ,

ãäå
U(x, ε) = ζ(γ(x+ ε, ε))− ζ(γ(x, ε))− ζ(p(x, ε)),

W (x, ε) = −℘(γ(x+ ε, ε))− ℘(γ(x, ε)),

℘(z) � ýëëèïòè÷åñêàÿ ôóíêöèÿ Âåéåðøòðàññà.



Ïðåäïîëîæèì, ÷òî ôóíêöèÿ γ(x, ε) èìååò ðàçëîæåíèå

γ(x, ε) = α0(x) + α1(x)ε+ α2(x)ε
2 + . . . ,

òîãäà

p(x, ε) = α′
0(x)ε+ (α′

1(x) +
α′′
0(x)

2
)ε2 + . . .

Ïîëîæèì äëÿ ïðîñòîòû α0(x) = x, α1(x) = const. Òîãäà

U(x, ε) = −1

ε
+O(ε), W (x, ε) = −2℘(x) +O(ε),

L2 = ∂2x − 2℘(x) +O(ε).

Òàêèì îáðàçîì îïåðàòîð L2 ïåðåõîäèò â îïåðàòîð Ëàìå ïðè ε→ 0.



Ïóñòü aj , bj , j = 1, . . . , g � áàçèñ öèêëîâ íà Γ ñ èíäåêñàìè ïåðåñå÷åíèé
ai ◦ aj = bi ◦ bj = 0, ai ◦ bj = δij . ω1, . . . , ωg � áàçèñ íîðìèðîâàííûõ
àáåëåâûõ äèôôåðåíöèàëîâ

∫
ai
ωj = δij .

Ìíîãîîáðàçèå ßêîáè

J(Γ) = Cg/{Zg +ΩZg}, Ωij = Ωji =

∫
bi

ωj .

Òýòà�ôóíêöèÿ

θ(z) =
∑
n∈Zg

exp
(
πintΩn+ 2πintz

)
.

θ(z + n) = θ(z), n ∈ Zg,

θ(z +Ωm) = exp
(
− πimtΩm− 2πimtz

)
θ(z), m ∈ Zg.



Äâóõòî÷å÷íûå îïåðàòîðû ðàíãà îäèí (pn = p)

w2 = z2g+2 + c2g+1z
2g+1 + . . .+ c0, p = +∞, q = −∞.

Òåîðåìà (È.Ì. Kðè÷åâåð)
Ôóíêöèè ψk(P ) èìåþò âèä

ψk(P ) = ak exp
(
k

∫ P

P0

Ω
)θ(A(P ) + kU + ζ)

θ(A(P ) + ζ)
, ak = const,

è óäîâëåòâîðÿþò ðàçíîñòíîìó óðàâíåíèþ

ck+1ψk+1 + vkψk + ckψk−1 = zψk,

ãäå

vk =
d

dk
log

θ((k − 1)U + ζ)

θ(kU + ζ)
,

ck =
θ((k + 1)U + ζ)θ((k − 1)U + ζ)

θ2(kU + ζ)
.



Ïðèìåð 5
Åñëè â ïðèìåðå 4 ïîëîæèò γ(x, ε) = x− ε, òîãäà

χ(x, z) = ζ(z)− ζ(z − x+ ε)− ζ(x) + ζ(ε),

L2 =
(Tε
ε2

+ U(x, ε)
)2

+W (x, ε),

ãäå
U(x, ε) = −ζ(ε)− ζ(x− ε) + ζ(x),

W (x, ε) = −℘(x)− ℘(x− ε),

ζ(z), ℘(z) � ôóíêöèè Âåéåðøòðàññà.

L2 = ∂2x − 2℘(x) +O(ε).



Ðàññìîòðèì ôóíêöèþ Ag(x, ε), îïðåäåëåííóþ ñëåäóþùèì îáðàçîì.
Ïîëîæèì

A1 = −2ζ(ε)− ζ(x− ε) + ζ(x+ ε)

è

A2 = −3

2

(
ζ(ε) + ζ(3ε) + ζ(x− 2ε)− ζ(x+ 2ε)

)
.

Äàëåå, äëÿ íå÷åòíûõ g = 2g1 + 1, ïîëîæèì

Ag = A1

g1∏
k=1

(
1 +

ζ(x− (2k + 1)ε)− ζ(x+ (2k + 1)ε)

ζ(ε) + ζ((4k + 1)ε)

)
,

è äëÿ ÷åòíûõ g = 2g1, ïîëîæèì

Ag = A2

g1∏
k=2

(
1 +

ζ(x− 2kε)− ζ(x+ 2kε)

ζ(ε) + ζ((4k − 1)ε)

)
.



Òåîðåìà 7
Îïåðàòîð

L2 =
T 2
ε

ε2
+Ag(x, ε)

Tε
ε

+ ℘(ε)

êîììóòèðóåò ñ L2g+1. Áîëåå òîãî,

L2 = ∂2x − g(g + 1)℘(x) +O(ε).



Ïóñòü ωpq � ìåðîìîðôíàÿ 1-ôîðìà òàêîé, ÷òî

Respωpq =
1

ε
, Resqωpq = −1

ε

∫
ai

ωpq = 0, p = p(x, ε).

Îòîáðàæåíèå Àáåëÿ A : Γ → J(Γ)

A(P ) = (

∫ P

q

ω1, . . . ,

∫ P

q

ωg).

Ïóñòü ζ = A(γ) +K = A(γ1) + . . .+A(γg) +K, ãäå K � âåêòîð ðèìàíîâûõ
êîíñòàíò. Ïóñòü V (x, ε) � ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ

ε

2πi

∫
b

ωpq = V (x+ ε, ε)− V (x, ε), V (0, ε) = 0,

∫
b
ωpq � âåêòîð b-ïåðèîäîâ, ñîñòàâëåííûé èç

∫
bj
ωpq. Òîãäà

χ = exp

(
ε

∫ P

P0

ωpq

)
θ(A(P ) + V (x+ ε) + ζ)θ(V (x) + ζ)

θ(A(P ) + V (x) + ζ)θ(V (x+ ε) + ζ)ξ
,

ãäå ξ = ξ(x, ε) � íîðìèðîâî÷íûé êîýôôèöèåíò.



Òåîðåìà 8
Èìåþò ìåñòî ðàçëîæåíèÿ

U(x, ε) =
1

ε
+O(1), W (x, ε) = −2∂2x log(θ(Bx+ ζ)) + c

L2 = ∂2x − 2∂2x log(θ(Bx+ ζ)) + c+O(ε)



Rank l > 1

Ñïåêòðàëüíûå äàííûå (È.Ì. Êðè÷åâåð)

{Γ, q, k−1, γ1, . . . , γlg, α1, . . . , αlg}

αi = (α1i, . . . , αil−1) � âåêòîð

(γ, α) � ïàðàìåòðû Òþðèíà îïðåäåëÿþò ïîëóñòàáèëüíîå âåêòîðíîå
ðàññëîåíèå ðàíãà l ñòåïåíè lg íà Γ ñ ãîëîìîðôíûìè ñå÷åíèÿìè η1, . . . , ηl

ηl(γi) =

l−1∑
j=1

αijηj(γi).



Ôóíêöèÿ Áåéêåðà�Àõèåçåðà
ψ(x, P ) = (ψ0(x, P ), . . . , ψl−1(x, P )):
1. ψ(x, P ) = (

∑∞
s=0 ξs(x)k

−s)Ψ0(x, P ), ξ0 = (1, 0, . . . , 0), d
dxΨ0 = AΨ0,

A =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 0 . . . 0 1

k + u0(x) u1(x) u2(x) . . . ul−1(x) 0


2. on Γ− {q} ψ � ìåðîìîðôíà ñ ïðîñòûìè ïîëþñàìè â γ1, . . . , γlg
3. Resγi

ψj = αijResγi
ψl−1.

Åñëè f(P ) � ìåðîìîðôíàÿ ôóíêöèÿ ñ ïîëþñîì â q ïîðÿäêà n, òî
ñóùåñòâóþò L(f) òàêèå, ÷òî

L(f)ψ(x, P ) = f(P )ψ(x, P ), ordL(f) = ln.



Ìåòîä äåôîðìàöèè ïàðàìåòðîâ Òþðèíà (ìåòîä
Êðè÷åâåðà�Íîâèêîâà)

dl

dxl
ψj = χl−1

dl−1

dxl−1
ψj + · · ·+ χ0ψj

χs � ìåðîìîðôíà íà Γ, χs èìååò lg ïðîñòûõ ïîëþñîâ P1(x), . . . , Plg(x). Â
îêðåñòíîñòè q ôóíêöèè χs èìåþò âèä

χ0(x, P ) = k + g0(x) +O(k−1),

χj(x, P ) = gj(x) +O(k−1), j < l − 1,

χl−1(x, P ) = O(k−1).



Â òî÷êå Pi(x)

χj =
cij(x)

k − γi(x)
+ dij(x) +O(k − γi(x)).

Òåîðåìà
Ïàðàìåòðû γi(x), αij(x) =

cij(x)
ci,l−1(x)

è dij(x), 0 ≤ j ≤ l − 2, 1 ≤ i ≤ lg
óäîâëåòâîðÿþò óðàâíåíèþ

ci,l−1(x) = −γ′i(x),

di0(x) = αi0(x)αi,l−2(x) + αi0(x)di,l−1(x)− α′
i0(x),

dij(x) = αij(x)αi,l−2(x)− αi,j−1(x) + αij(x)di,l−1(x)− α′
ij(x), j ≥ 1.



È.Ì. Êðè÷åâåð, Ñ.Ï. Íîâèêîâ: g = 1, l = 2
Γ : µ2 = P3(λ) = 4λ3 + g2λ+ g3

LKN =
(
∂2x + u

)2
+2cx(℘(γ2)−℘(γ1))∂x+(cx(℘(γ2)−℘(γ1)))x−℘(γ2)−℘(γ1),

γ1(x) = γ0 + c(x), γ2(x) = γ0 − c(x),

u(x) = − 1

4c2x
+
1

2

c2xx
c2x

+2Φ(γ1, γ2)cx−
cxxx
2cx

+c2x(Φc(γ0+c, γ0−c)−Φ2(γ1, γ2)),

Φ(γ1, γ2) = ζ(γ2 − γ1) + ζ(γ1)− ζ(γ2).

Îïåðàòîð øåñòîãî ïîðÿäêà L̃KN , êîòîðûé êîììóòèðóåò ñ LKN ìîæíî
íàéòè èç óðàâíåíèÿ L̃2

KN = P3(LKN ).

Äèêñüìå: g = 1, l = 2

LD =

(
d2

dx2
− x3 − α

)2

− 2x,

L̃D =

(
d2

dx2
− x3 − α

)3

− 3

2

(
x

(
d2

dx2
− x3 − α

)
+

(
d2

dx2
− x3 − α

)
x

)
.



Òåîðåìà (Ï.Ã. Ãðèíåâè÷)
Êîììóòèðóþùèå îïåðàòîðû LKN è L̃KN , îòâå÷àþùèå ýëëèïòè÷åñêîé
êðèâîé, èìåþò ðàöèîíàëüíûå êîýôôèöèåíòû òîãäà è òîëüêî òîãäà, êîãäà

c(x) =

∫ ∞

q(x)

dt√
P3(t)

,

ãäå q(t) � ðàöèîíàëüíàÿ ôóíêöèÿ.

Åñëè γ0 = 0 è q(x) = x, òîãäà LKN = LD.

Òåîðåìà (Ï.Ã. Ãðèíåâè÷, Ñ.Ï. Íîâèêîâ)
Îïåðàòîð LKN ñàìîñîïðÿæåííûé òîãäà è òîëüêî òîãäà, êîãäà

℘(γ1) = ℘(γ2).

Î.È. Ìîõîâ: g = 1, l = 3



l = 2, g > 1: ñàìîñîïðÿæåííûé ñëó÷àé
Ïóñòü L � îïåðàòîð ÷åòâåðòîãî ïîðÿäêà ðàíãà 2, òîãäà

Γ : w2 = F (z) = z2g+1 + c2gz
2g + · · ·+ c0,

q = ∞ �� òî÷êà âåòâëåíèÿ,

σ : Γ → Γ, σ(z, w) = (z,−w).

Èìååì
L4ψ = zψ, L4g+2ψ = wψ,

ψ′′ = χ0ψ + χ1ψ
′,

ãäå ψ = (ψ1, ψ2) � ôóíêöèÿ Áåéêåðà�Àõèåçåðà.



Òåîðåìà 9
Îïåðàòîð L4 � ñàìîñîïðÿæåííûé òîãäà è òîëüêî òîãäà, êîãäà

χ1(x, P ) = χ1(x, σ(P )).

Ïðè g = 1 òåîðåìà äîêàçàíà Ï.Ã. Ãðèíåâè÷åì è Ñ.Ï. Íîâèêîâûì.



Òåîðåìà 10
Åñëè L4 � ñàìîñîïðÿæåííûé îïåðàòîð

L4 = (∂2x + V (x))2 +W (x),

òîãäà

χ0 = −1

2

Qxx

Q
+
w

Q
− V, χ1 =

Qx

Q
,

ãäå
Q = zg + αg−1(x)z

g−1 + · · ·+ α0(x).

Ôóíêöèÿ Q óäîâëåòâîðÿåò óðàâíåíèþ

4Fg(z) = 4(z −W )Q2 − 4V (Qx)
2 + (Qxx)

2 − 2QxQxxx+

2Q(2VxQx + 4V Qxx +Q(4)).

Ñëåäñòâèå
Ôóíêöèÿ Q óäîâëåòâîðÿåò ëèíåéíîìó óðàâíåíèþ

∂5xQ+ 4V Qxxx + 6VxQxx + 2(2z − 2W + Vxx)Qx − 2WxQ = 0.



Ïðèìåðû

1. L4 = (∂2x + α3x
3 + α2x

2 + α1x+ α0)
2 + g(g + 1)α3x,

2. L4 = (∂2x + α1 cos(x) + α0)
2 − α1g(g + 1) cos(x),

3. L4 = (∂2x + α1e
x + α0)

2 + α1g(g + 1)ex (Â.Í. Äàâëåòøèíà),

4. L4 = (∂2x + α1℘(x) + α0)
2 + s1℘(x) + s2℘

2(x),
α1 = 1

4 − 2g2 − 2g, s2 = −4g(g + 2)(g2 − 1), s1 = 1
4g(g + 1)(16α0 + 5g)2,

(℘′(x))2 = 4℘3(x) + g2℘
2(x) + g1℘(x) + g0.



Ïóñòü φ � ðåøåíèå óðàâíåíèÿ (∂2x + α3x
3 + α2x

2 + α1x+ α0)φ = 0.

Òåîðåìà 11
1. Ïóñòü g = 2, z � ðåøåíèå óðàâíåíèÿ z2 + 4α2z + 12α1α3 = 0. Òîãäà

((∂2x + α3x
3 + α2x

2 + α1x+ α0)
2 + α36x)ψ = zψ,

ãäå ψ = pφ, p(x) = 6α3x+ z + 4α2.

2. Ïóñòü g = 4, z � ðåøåíèå óðàâíåíèÿ

z3 + 20α2z
2 + 16(4α2

2 + 13α1α3)z + 320α3(7α0α3 + 2α1α2) = 0.

Òîãäà
((∂2x + α3x

3 + α2x
2 + α1x+ α0)

2 + α320)x)ψ = zψ,

ãäå ψ = pφ,
p(x) = 280α2

3x
2 + 20α3(z + 16α2)x+ z2 + 20α2z + 64α2

2 + 168α1α3.



L4 = (∂2x + α3x
3 + α2x

2 + α1x+ α0)
2 + α3g(g + 1)x.

Ïóñòü l4 = p−1L4p, l4g+2 = p−1L4g+2p.

Òåîðåìà 12
Ïðè g = 2, 4 îïåðàòîðû l4, l4g+2, L2 = ∂2x + α3x

3 + α2x
2 + α1x+ α0

îáðàçóþò êîììóòàòèâíîå êîëüöî ïî ìîäóëþ L2, ò.å.

[l4, L2] = B1L2, [l4g+2, L2] = B2L2,

ãäå B1, B2 � íåêîòîðûå îïåðàòîðû.



LKN =
(
∂2x + u

)2
+2cx(℘(γ2)−℘(γ1))∂x+(cx(℘(γ2)−℘(γ1)))x−℘(γ2)−℘(γ1),

γ1(x) = γ0 + c(x), γ2(x) = γ0 − c(x),

u(x) = − 1

4c2x
+
1

2

c2xx
c2x

+2Φ(γ1, γ2)cx−
cxxx
2cx

+c2x(Φc(γ0+c, γ0−c)−Φ2(γ1, γ2)),

Φ(γ1, γ2) = ζ(γ2 − γ1) + ζ(γ1)− ζ(γ2).

Òåîðåìà 13
∀m > 0 è Γ, çàäàííîé óðàâíåíèåì w2 = z3 + c2z

2 + c1z + c0, ñóùåñòâóþò
ìíîãî÷ëåíû

Vm = αm+2x
m+2 + . . .+ α0, Wm = βmx

m + . . .+ β0, αm+2 ̸= 0, βm ̸= 0

òàêîé, ÷òî îïåðàòîð L4,m = (∂2x + Vm(x))2 +Wm(x) êîììóòèðóåò ñ
îïåðàòîðîì L6,m. Ñïåêòðàëüíàÿ êðèâàÿ L4,m, L6,m ñîâïàäàåò ñ Γ.



Òåîðåìà 14
Ìíîæåñòâî îðáèò ãðóïïû Aut(A1) â ïðîñòðàíñòâå ðåøåíèé óðàâíåíèÿ

Y 2 = X3 + c2X
2 + c1X + c0, X, Y ∈ A1

áåñêîíå÷íî.



L♮
4 = (∂2x + α1 coshx+ α0)

2 + α1g(g + 1) coshx, α1 ̸= 0

êîììóòèðóåò ñ L
♮

4g+2. Ñïåêòðàëüíàÿ êðèâàÿ Γ♮ èìååò âèä

w2 = z2g+1 + c♮2gz
2g + · · ·+ c♮1z + c♮0.

Êîýôôèöèåíò c♮j ìîæíî íàéòè ñ ïîìîùüþ ôîðìóëû ðåêóðñèè. Äëÿ ìàëûõ

g ïðÿìûì âû÷èñëåíèåì ìîæíî ïðîâåðèòü, ÷òî Γ♮ íåâûðîæäåíà äëÿ îáùåãî
íàáîðà ïàðàìåòðîâ α0, α0.



Î.È. Ìîõîâ íàøåë çàìå÷àòåëüíóþ çàìåíó ïåðåìåííîé

x = ln(y +
√
y2 − 1)r, r = ±1,±2, . . . ,

÷òî ñâîäèò îïåðàòîðû L♮
4, L

♮
4g+2 ê îïåðàòîðàì ñ ïîëèíîìèàëüíûìè

êîýôôèöèåíòàìè.

L♮
4 = ((1− y2)∂2y − 3y∂y + aTr(y) + b)2 − ar2g(g + 1)Tr(y), a ̸= 0,

b � ïðîèçâîëüíàÿ êîíñòàíòà, Tr(y) � ïîëèíîì ×åáûøåâà ñòåïåíè |r|.
Íàïîìíèì, ÷òî

T0(y) = 1, T1(y) = y, Tr(y) = 2yTr−1(y)− Tr−2(y), T−r(y) = Tr(y).

Ìíîãî÷ëåíû ×åáûøåâà ÿâëÿþòñÿ êîììóòèðóþùèìè ìíîãî÷ëåíàìè, ò.å.

Tn(Tm(y)) = Tm(Tn(y)) = Tn+m(y).



Åñëè ïðèìåíèòü àâòîìîðôèçì

φ(y) = −∂y, φ(∂y) = y, φ ∈ Aut(A1)

ê L♮
4, L

♮
4g+2 ïîëó÷èì îïåðàòîðû L♮

2r, L
♮
(2g+1)r ðàíãà r

L♮
2r = (aTr(∂y)− y2∂2y − 3y∂y + y2 + b)2 − arg(g + 1)Tr(∂y).



Òåîðåìà 15
Ìíîæåñòâî îðáèò ãðóïïû Aut(A1) â ïðîñòðàíñòâå ðåøåíèé óðàâíåíèÿ

Y 2 = X2g+1 + c♮2gX
2g + · · ·+ c♮1X + c♮0, X, Y ∈ A1

áåñêîíå÷íî.



Îäíîòî÷å÷íûå îïåðàòîðû ðàíãà äâà
Ïóñòü

w2 = Fg(z) = z2g+1 + c2gz
2g + c2g−1z

2g−1 + . . .+ c0,

L4 =

2∑
i=−2

ui(n)T
i, L4g+2 =

2g+1∑
i=−(2g+1)

vi(n)T
i, u2 = v2g+1 = 1,

ïðè ýòîì

L4ψ = zψ, L4g+2ψ = wψ, ψ = ψ(n, P ), P = (z, w) ∈ Γ,

ψ(n+ 1, P ) = χ1(n, P )ψ(n− 1, P ) + χ2(n, P )ψ(n, P ).



Òåîðåìà (È.Ì. Êðè÷åâåð, Ñ.Ï. Íîâèêîâ)
Ìàòðè÷íàÿ ôóíêöèÿ χ(n, P ) èìååò íà Γ ïðîñòûå ïîëþñû â òî÷êàõ γj(n).
Èìåþò ìåñòî ñîîòíîøåíèÿ íà âû÷åòû ìàòðè÷íûõ ýëåìåíòîâ

αj
sResγs(n)χi(n, P ) = αi

sResγs(n)χj(n, P ).

Òî÷êè γs(n+ 1) ÿâëÿþòñÿ íóëÿìè îïðåäåëèòåëÿ ìàòðèöû χ(n, P ), ò.å.

detχ(n, γs(n+ 1)) = 0.

Âåêòîð αj(n+ 1) óäîâëåòâîðÿåò óðàâíåíèþ

αj(n+ 1)χ(n, γj(n+ 1)) = 0.



Ïðèìåð

L = L2
2 − ℘(γn)− ℘(γn−1),

ãäå L2 � ðàçíîñòíûé îïåðàòîð Øðåäèíãåðà

L2 = T + vn + cnT
−1

ñ êîýôôèöèåíòàìè

cn =
1

4
(s2n−1 − 1)F (γn, γn−1)F (γn−2, γn−1),

vn =
1

2
(sn−1F (γn, γn−1)− snF (γn−1, γn)) ,

F (u, v) = ζ(u+ v)− ζ(u− v)− 2ζ(v).

Çäåñü ℘(u), ζ(u) � ôóíêöèè Âåéåðøòðàññà, sn, γn � ôóíêöèîíàëüíûå
ïàðàìåòðû.



χ1(n, P ) = χ1(n, σ(P )), L4 =
(
T + Un + VnT

−1
)2

+Wn.

Òåîðåìà 16
Èìååò ìåñòî ðàçëîæåíèå íà ìíîæèòåëè

L4 − z =
(
T +An +BnT

−1
)(
T − χ2(n)− χ1(n)T

−1
)
,

ãäå

An = Un + Un+1 + χ2(n+ 1), Bn = − VnVn−1

χ1(n− 1)
,

χ1(n) = −VnQn+1

Qn
, χ2(n) =

Sn

Qn
+

w

Qn
,

Qn = − Sn−1 + Sn

Un−1 + Un
, Sn(z) = −Unz

g + δg−1(n)z
g−1 + . . .+ δ0(n),

δj(n) � íåêîòîðûå ôóíêöèè. Ôóíêöèè Un, Vn,Wn, Sn(z) óäîâëåòâîðÿþò
óðàâíåíèþ

Fg(z) = S2
n+VnQn−1Qn+1+Vn+1QnQn+2+(z−U2

n−Vn−Vn+1−Wn)QnQn+1.



Ïðèìåð 6
Îïåðàòîð

L4 = (T + a+ (r3n
3 + r2n

2 + r1n+ r0)T
−1)2 + g(g + 1)r3n, r3 ̸= 0

êîììóòèðóåò ñ íåêîòîðûì ðàçíîñòíûì îïåðàòîðîì L4g+2.



Òåîðåìà 17
Ðàçíîñòíûé îïåðàòîð

L♭
4 =

(Tε
ε2

+ U(x, ε) + ε2V (x, ε)T−1
ε

)2
+W (x, ε),

ãäå

U(x, ε) = −ν(x, ε) + ν(x+ ε, ε)

γ(x, ε)− γ(x+ ε, ε)
, W (x, ε) = −c2 − γ(x, ε)− γ(x+ ε, ε),

V (x, ε) =
ν2(x, ε)− F1(γ(x, ε))

(γ(x, ε)− γ(x− ε, ε))(γ(x+ ε, ε)− γ(x, ε))
,

γ(x), ν(x) � ïðîèçâîëüíûå ôóíêöèîíàëüíûå ïàðàìåòðû, êîììóòèðóåò ñ
îïåðàòîðîì

L♭
6 = L♭

4

(Tε
ε2

+ U(x, ε) + ε2V (x, ε)T−1
ε )−

γ(x+ 2ε, ε)
Tε
ε2

− (ν(x, ε) + U(x, ε)γ(x, ε))− ε2V (x, ε)γ(x− ε, ε)T−1
ε .

Ñïåêòðàëüíàÿ êðèâàÿ îïåðàòîðîâ L♭
4, L

♭
6 çàäàåòñÿ óðàâíåíèåì

w2 = F1(z) = z3 + c2z
2 + c1z + c0.



Ïóñòü

γ(x, ε) = −1

2
(c2 +W(x)), ν(x, ε) =

Wx

2ε
.

Òîãäà èìåþò ìåñòî ðàçëîæåíèÿ

L♭
4 = L4 +O(ε), L♭

6 = L6 +O(ε),

ãäå
L4 = (∂2x + U(x))2 +W(x),

L6 = (∂2x + U)3 + 1

2
(c2 + 3W)(∂2x + U) + 3

2
Wx∂x +

5

4
Wxx,

U(x) = −16F1(−(c2 +W)/2) +W2
xx − 2WxWxxx

4W2
x

.

Ïðè ýòîì ñïåêòðàëüíûå êðèâûå ïàð L♭
4, L

♭
6 è L4, L6 ñîâïàäàþò.



Òåîðåìà 18
Åñëè

χ1(n, P ) = χ1(n, σ(P )), χ2(n, P ) = −χ2(n, σ(P )),

òî L4 èìååò âèä
L4 = (T + VnT

−1)2 +Wn,

ïðè ýòîì

χ1 = −Vn
Qn+1

Qn
, χ2 =

w

Qn
,

ãäå
Qn(z) = zg + αg−1(n)z

g−1 + . . .+ α0(n).

Ôóíêöèè Vn,Wn, Qn óäîâëåòâîðÿþò óðàâíåíèþ

Fg(z) = Qn−1Qn+1Vn +Qn(Qn+2Vn+1 +Qn+1(z − Vn − Vn+1 −Wn)).



Ïðèìåðû

1. L4 = (T + (r3n
3 + r2n

2 + r1n+ r0)T
−1)2 + g(g + 1)r3n, r3 ̸= 0

2. L4 = (T + (r1a
n + r0)T

−1)2 + r1(a
2g+1 − ag+1 − ag + 1)an−g, r1 ̸= 0,

a ̸= 0, a2g+1 − ag+1 − ag + 1 ̸= 0.

3. L4 = (T + (r1 cos(n) + r0)T
−1)2 − 4r1 sin(

g
2 ) sin(

g+1
2 ) cos(n+ 1

2 ), r1 ̸= 0.



Âûáåðåì ñëåäóþùèå ñïåêòðàëüíûå äàííûå

S = {Γ, q, k−1,Kn, ξ0(n), γ, α},

ãäå Γ Ðèìàíîâà ïîâåðõíîñòü ðîäà g, q ∈ Γ � ôèêñèðîâàííàÿ òî÷êà, k−1 �
ëîêàëüíûé ïàðàìåòð îêîëî q, Kn ∈ Γ, n ∈ Z � íàáîð òî÷åê îáùåãî
ïîëîæåíèÿ, ξ0(n) = (ξ10(n), . . . , ξ

l−1
0 (n), 1), ïðè n > 0,

ξ0(n) = (1, ξ20(n), . . . , ξ
l
0(n)), ïðè n < 0, ξj0(n) � ôóíêöèè îò n, äëÿ

ïðîñòîòû ïðåäïîëîæèì, ÷òî ξj0(n) ̸= 0, γ = γ1 + . . .+ γlg � äèâèçîð (γj ∈ Γ
íàõîäÿòñÿ â îáùåì ïîëîæåíèè), α � íàáîð âåêòîðîâ

α1, . . . , αlg, αj = (αj,1, . . . , αj,l−1).

Ïàðà (γ, α) íàçûâàåòñÿ ïàðàìåòðû Òþðèíà, (γ, α) îïðåäåëÿåò
ïîëóñòàáèëüíîå ãîëîìîðôíîå ðàññëîåíèå íàä Γ ñ ãîëîìîðôíûìè
ñå÷åíèÿìè η1, . . . , ηl. Òî÷êè γ1, . . . , γlg � ÿâëÿþòñÿ òî÷êàìè ëèíåéíîé
çàâèñèìîñòè ñå÷åíèé, ïðè ýòîì

ηl(γk) =

l−1∑
i=1

αj,iηj(γk), k = 1, . . . , lg.



Òåîðåìà 19
Ñóùåñòâóåò åäèíñòâåííàÿ âåêòîðíàÿ ôóíêöèÿ
ψ(n, P ) = (ψ1(n, P ), . . . , ψl(n, P )), êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþùèì
ñâîéñòâàì.
1. Â îêðåñòíîñòè òî÷êè q ôóíêöèÿ ψ(n, P ) èìååò âèä

ψ(n, P ) =

( ∞∑
s=0

ξs(n)

ks

)
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1
k 0 0 . . . 0 0


n

,

ξs(n) = (ξ1s (n), . . . , ξ
l
s(n)).

2. Âåêòîð�ôóíêöèÿ ψ(n, P ) èìååò gl ïðîñòûõ ïîëþñîâ â γ1, . . . , γlg òàêîé,
÷òî

Resγi
ψj = αi,jResγi

ψl.

3. Ïóñòü n > 0 è ïóñòü n = lm+ s, m ∈ N, 0 < s ≤ l, ψ èìååò ïðîñòîé íîëü
â K1, . . . ,Km

ψ(Kp) = 0, 1 ≤ p ≤ m,

äîïîëíèòåëüíî ψ1, . . . , ψs èìåþò ïðîñòûå íóëè â Km+1

ψ1(Km+1) = 0, . . . , ψs(Km+1) = 0.

Ïóñòü n < 0 è ïóñòü n = −lm− s, m ∈ N, 0 < s ≤ l, ψ èìååò ïðîñòûå
ïîëþñà â K−m, . . . ,K−1

ψ(Kp) = ∞, −m ≤ p ≤ −1,

äîïîëíèòåëüíî ψ1, . . . , ψs èìååò ïðîñòîé ïîëþñ â K−m−1

ψ1(K−m−1) = ∞, . . . , ψs(K−m−1) = ∞.

4. ψ(0, P ) = ξ0(0).



Ïðèìåð 7
Îïåðàòîð

L4 = T 4+2n2T 3+
3

2
(n−1)n(n2−n−2)T 2+

1

2
(n−2)n2(n3−4n2−n+10)T+

1

16
(n− 3)(n− 2)(n− 1)n(n(n− 3)− 4)((n− 3)n− 6)

êîììóòèðóåò ñ îïåðàòîðîì

L6 = T 6 + (3n2 + 6n+ 8)T 5 +
1

4
(n(n+ 1)(32 + 15n(n+ 1))− 6)T 4+

1

2
n2(n2−2)(5n2+7)T 3+

1

16
(n−2)(n−1)n(n+1)((n−1)n(15(n−1)n−38)−36)T 2+

1

16
(n− 2)2n2(12 + (n− 2)n((n− 2)n− 5)(3(n− 2)n− 11))T+

1

64
(n−4)(n−3)(n−2)(n−1)n(n+1)((n−3)n−6)((n−4)(n−3)n(n+1)−6).

Ñïåêòðàëüíàÿ êðèâàÿ ïàðû L4, L6 çàäàåòñÿ óðàâíåíèåì

w2 =
1

4
z2(32z − 3)2.


